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Abstract
A frame-like action for arbitrary mixed-symmetry bosonic massless fields
in Minkowski space is constructed. The action is given in a simple form and
consists of two terms for a field of any spin. The fields and gauge parameters
are certain tensor-valued differential forms. The formulation is based on the
unfolded form of equations for mixed-symmetry fields.
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Introduction
Due to the ever-growing interest in field theories in higher dimensions, the study of
mixed-symmetry fields, i.e., those that correspond generally to neither symmetric
nor antisymmetric tensor representations of the Wigner little algebra, was started
from the paper [1] and continued further in [2, 3, 4, 5, 6].
In 4d the spin is a single (half)integer. In the general case the spin degrees
of freedom are in one-to-one correspondence with finite-dimensional unitary repre-
sentations of the Wigner little algebra, which is so(d− 2)1 for massless fields and
so(d− 1) for massive ones. Therefore, the spin can be naturally characterized by
Young diagrams. The most developed cases correspond to one-row (symmetric) and
one-column (antisymmetric) diagrams (tensors), in the former case the 4d-spin is
equal to the number n of boxes in one-row Young diagram (n+ 1/2 for fermions).
The theory of massless mixed-symmetry fields has been developing over the last
decades within different approaches, which can be split into light-cone, metric-like
and frame-like ones2, in accordance with the types of fields used.
Within the light-cone approach one deals with tensors of the Wigner little algebra
and, hence, manifest Lorentz symmetry is lost. Nevertheless, the light-cone approach
turned out to be very effective in constructing cubic vertices, which is the first
nontrivial attempt of introducing interactions. For instance, the cubic vertices of
mixed-symmetry fields for d ≥ 6 were constructed in [9, 10] (see [11] for a review),
inspiring the investigation to find full non-linear theories of mixed-symmetry fields.
The fist attempts towards an explicit construction of manifestly covariant cubic
vertices for mixed-symmetry gauge fields were made in [12, 13].
Within the metric-like approach fields are the world tensors, which are analogous
to metric field gµν . The metric-like approach can be split further into constrained
and unconstrained approaches, according to whether or not some trace constraints
are imposed on fields and gauge parameters3.
Within the unconstrained approach of [15, 16, 17, 18, 19] fields and gauge pa-
rameters are not subjected to any trace constraints. A nice feature of the uncon-
strained approach is its relation to the low-tension limit of free string field theory
[16, 20, 21, 19, 22]. However, the actions for unconstrained mixed-symmetry fields
are only available in a nonlocal form [14]. Also, within the BRST approach, in which
no off-shell trace constraints are imposed, the fields with the spin corresponding to
two-row Young diagrams were studied in detail [23, 24, 25, 26].
The constrained4 approach is ascribed to Fronsdal who showed in [28] that totally
symmetric massless fields have to be subjected to double-trace constraints for the
equations to be gauge invariant and to describe the correct number of physical
degrees of freedom [29]. In the pioneering paper by Labastida [6] on massless mixed-
1Strictly speaking the stability subalgebra of a light-like momentum is iso(d− 2), however
iso(d− 2)-translations have to be realized trivially for massless fields, reducing iso(d− 2) to
so(d− 2).
2Let us also mention the ambient approach of [7], see [8] for recent developments.
3For the review of all approaches see [14].
4In principle, fields can be taken to be irreducible Lorentz tensors, though the gauge parameters
in addition to being algebraically irreducible must satisfy differential constraints [27].
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symmetry fields, a set of generalized trace constraints for fields and gauge parameters
was suggested, the gauge invariant equations were derived and the local action was
constructed. Unfortunately, it was not proved in [6] that the correct number of
physical degrees of freedom propagates, this was proved in [14].
Making use of Fock space oscillators allowed Labastida to write down con-
straints/gauge transformations/equations/action for all mixed-symmetry fields at
once. However, due to the lack of Young symmetry constraints a Fock space vec-
tor contains in its decomposition multiple copies of the same representations. In
order to single out a particular mixed-symmetry field Young symmetry projectors
are required. For individual mixed-symmetry fields the constraints/the field equa-
tions/the gauge transformations were obtained in [14]. To single out the action for
a particular mixed-symmetry field from [6] appears to be a very involved procedure.
Within the frame-like approach [30] fields are tensor-valued differential forms,
which are generalizations of vielbein eaµ and Lorentz spin-connection ω
a,b
µ . The frame-
like approach has a lot of advantages: the use of differential forms simplifies introduc-
ing interactions with gravity; the forms take values in certain irreducible represen-
tations5 of the Lorentz [34, 35, 36] or (anti)-de Sitter algebra [37, 38, 39, 40, 41], i.e.,
tangent tensors are not subjected to complicated double-trace constraints; frame-
like fields can be recognized as Yang-Mills connections of the space-time symmetry
algebra; the most important is that frame-like fields can be embedded into the full
set of fields of the unfolded approach. From this perspective the frame-like approach
is a very promising one.
The unfolded approach itself is a reformulation of field equations in the first
order form with the help of exterior differential and differential forms [42, 43, 44].
The unfolded approach appears to have a very rich underlying structure, so-called
Free Differential Algebras [45], which are also used in supergravity and M-theory
[46, 47, 48, 49, 50].
Among arbitrary-symmetry fields, distinguished is a subclass of totally-symmetric
massless higher-spin fields, which has been the most extensively studied. Free
totally-symmetric higher-spin fields were reformulated within the unfolded approach
[42] and then the consistent nonlinear deformation of the unfolded equations was
found in 4d [51, 52], generalized further to arbitrary space-time dimension in [53].
The crucial ingredient is to find a higher-spin algebra, which is a non-abelian
infinite-dimensional extension of the space-time symmetry algebra satisfying admis-
sibility condition [54], i.e. a gauging of the algebra must match some unitary rep-
resentation thereof. The admissibility condition relates group- and field-theoretical
aspects of the theory, stating that in order for some gauge theory with gauge algebra
g to be consistent the spectrum of relativistic fields that live on the solutions of the
equations of motion has to match some unitary representation of g.
As for totally-symmetric higher-spin fields, the admissibility condition for higher-
spin algebras turned out to be very restrictive, discarding most of possible higher-
5The forms that take values in reducible representation of the Lorentz or (anti)-de Sitter algebra
describe reducible sets of massless fields [31], which are related to the tensionless limit of string
theory [3, 32, 33, 16, 21]. This possibility can be referred to as the unconstrained frame-like
approach.
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spin multiplets. For example, the simplest higher-spin algebra contains a single
copy of a field of each spin s = 0, 1, 2, .... For this reason, until admissible higher-
spin algebras for mixed-symmetry fields are known it would be better to work with
individual fields rather than fix any particular infinite multiplet.
Recently the unfolded form of equations for arbitrary mixed-symmetry bosonic
and fermionic massless fields in the Minkowski space has been constructed [55]. It
turned out that the rather unnatural algebraic constraints that must be imposed
both on fields and gauge parameters within the constrained approach of Labastida
can be easily explained. The Labastida fields and gauge parameters can be identified
with certain components of tensor-valued differential forms, connections of the space-
time symmetry algebra. It is worth stressing again that the unfolded approach
succeeded in constructing full non-linear equations for totally-symmetric higher-spin
fields.
In this letter we construct a simple frame-like action for arbitrary-spin massless
mixed-symmetry fields in Minkowski space. In contrast to the constrained approach,
where the number of terms in the action grows rapidly with the rank of a tensor,
within the frame-like approach the action consists only of two terms for an arbitrary
mixed-symmetry field; the Lagrangian equations are manifestly gauge invariant.
In Section 1 we recall the general properties of massless mixed-symmetry fields
in Minkowski space, essential features of the unfolded approach are given in Section
2. The action is constructed in Section 3.
Notation
Greek indices µ, ν, ... = 0...(d−1) are the world indices of the Minkowski space-time.
Lowercase Latin letters a, b, c, ... = 0...(d − 1) are the tangent indices in the basis
that is defined by background vielbein haµ. h
a
µh
b
νηab = gµν , gµν is a metric tensor in
some coordinates and ηab = diag(1,−1, ...,−1) is the invariant tensor of so(d−1, 1).
In Cartesian coordinates with haµ = δ
a
µ there is no distinction between world and
tangent tensors.
A group of n (anti)symmetric indices a1...an or ab...c is denoted (a[n]) a(n) or
([ab...c]) (ab...c). (Anti)symmetrization is denoted by placing a group of indices in
(square)round brackets, or by designating indices by the same letter. Only necessary
permutations are performed6, e.g., for a vector V a and a symmetric rank-two tensor
Uab = U ba V (aU bc) ≡ V aU bc + V cUab + V bU ca and V aUaa ≡ V a1Ua2a3 + V a2Ua3a1 +
V a3Ua1a2 .
All the necessary information on Young diagrams and mixed-symmetry tensors
is collected in Appendix A.
6Note that the (anti)symmetrization operation defined in this way is just an abridged notation
for a number of distinct terms with permuted indices rather than a well-behaved projector.
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1 Massless Mixed-Symmetry Fields
Though we work with world tensors in this Section, in order to simplify the compari-
son with the unfolded approach, it is useful to convert all world tensor indices to tan-
gent ones by virtue of inverse vielbein hµa, e.g., ∂a ≡ hµa∂µ, φ
a(s) ≡ φµ1...µsh
µ1a...hµsa.
We start by briefly reviewing the general properties of totally-symmetric and
totally-antisymmetric fields, whose spin degrees of freedom are characterized7 by
Y{(s, 1)} and Y{(1, p)} irreducible representations of the Wigner massless little
algebra so(d− 2), respectively.
A symmetric spin-s field. As was found by Fronsdal in [28], a totally-
symmetric spin-s massless field can be described8 by a symmetric rank-s tensor
field φ(a1...as), satisfying
φa1...as − ∂(a1∂mφ
ma2...as) + ∂(a1∂a2φ
a3...as)m
m
= 0, φm n a5...asm n ≡ 0,
δφa1...as = ∂(a1ξa2...as), ξm a3...as−1m ≡ 0,
(1.1)
where in order for gauge parameter ξa1...as−1 to be differentially unconstrained only
the second trace of the field has to vanish, i.e., the field has to take values in a
reducible representation of so(d− 1, 1).
An antisymmetric (p-form) field. Analogously, a totally-antisymmetric
massless field or p-form can be described by an antisymmetric rank-p tensor field
ω[c1...cp], satisfying
ωc1...cp − ∂[c1∂mω
mc2...cp] = 0, δωc1...cp = ∂[c1ξc2...cp], (1.2)
where gauge parameter ξc1...cp−1 is a rank-(p− 1) antisymmetric tensor. The gauge
symmetry is reducible in the sense that not all of the gauge parameters do affect the
field, these are represented by the second level gauge parameters ξc1...cp−2, δξc1...cp−1 =
∂[c1ξc2...cp−1] modulo those components of ξc1...cp−2 that do not affect ξc1...cp−1 and so
on until δξc = ∂cξ.
Mixed-symmetry massless fields join together nontrivial trace constraints of sym-
metric fields with reducible gauge symmetries of p-form fields and introduce a new
feature of having more than one gauge parameter. Let us consider the case of
a spin-Y{s, t}, i.e., spin- t
s
, field in detail and review general properties of
arbitrary-spin mixed-symmetry fields.
7The diagrams are given by specifying the lengths of the rows as Y{s1, ..., sn} or by specifying
the widths and the heights of its rectangular subblocks, e.g., Y{(s, 1)} ≡ Y{s} and Y{(1, p)} ≡
Y{1, ..., 1︸ ︷︷ ︸
p
}. See Appendix A for more detail.
8In fact, there is no strong interdependence between the representation Y of so(d − 2), i.e.,
the spin, and the representation of the Lorentz algebra YM in which the field φ(x) takes values.
The most important and the most natural choice is when Y = YM as Young diagrams, all other
are referred to as dual formulations. Note, that Y corresponds to an irreducible representation
of so(d − 2), whereas YM correspond to a representation of so(d − 1, 1) that has to be reducible
in most cases in order for equations of motion to be invariant under gauge transformations with
differentially unconstrained parameters and for these field equations to admit a Lagrangian. For
the minimal choice the term ’spin-Y field’ is unambiguous.
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A spin-Y{s, t} field. A spin-Y{s, t} massless field can be described [6] by
a field φa(s),b(t) ≡ φa1...as,b1...bt, which is symmetric in a1...as and b1...bt, separately,
and φ(a1...as,as+1)b2...bt ≡ 0, i.e., φa(s),b(t) has the symmetry of t
s
. Analogously
to symmetric fields, φa(s),b(t) is subjected to double-trace constraints with respect to
each of the two groups of symmetric indices
φm n a5...as,b1...btm n ≡ 0, φ
a1...as,m n b5...bt
m n ≡ 0, (1.3)
the cross traces with respect to a pair of indices from distinct groups need not
vanish. Therefore, φa(s),b(t) contains a lot of irreducible components in general. The
Labastida equations [6]
φa(s),b(t) − ∂a∂cφ
a(s−1)c,b(t) − ∂b∂cφ
a(s),b(t−1)c+
+ ∂a∂bφ
a(s−1)c,b(t−1)
c
+ ∂a∂aφ
a(s−2)c ,b(t)
c
+ ∂b∂bφ
a(s),b(t−2)c
c
= 0,
(1.4)
share the symmetry and the trace properties of φa(s),b(t). The equations are invariant
under gauge transformations9
δφa(s),b(t) =
s− t
s− t+ 1
∂aξ
a(s−1),b(t)
1 − ∂
bξ
a(s),b(t−1)
2 +
1
s− t+ 1
∂aξ
a(s−1)b,b(t−1)
2 , (1.5)
where gauge parameters ξ
a(s−1),b(t)
1 and ξ
a(s),b(t−1)
2 have the symmetry of t
s−1
and
t−1
s
, respectively, and
ξ
a(s−3)m ,b(t)
1 m +
2
(s− t− 1)
(
ξ
a(s−3)bm, b(t−1)
1 m +
2
(s− t)
ξ
a(s−3)bb,m b(t−2)
1 m
)
≡ 0, (1.6)
ξ
a(s),m b(t−3)
2 m ≡ 0, (1.7)
any double trace of ξ
a(s−1),b(t)
1 and ξ
a(s),b(t−1)
2 vanishes, (1.8)
2(s− t)
(s− t− 1)
(
ξ
a(s−2)m, b(t−1)
1 m +
1
(s− t + 1)
ξ
a(s−2)b,m b(t−2)
1 m
)
≡ ξ
a(s−2)m ,b(t−1)
2 m +
+
2
(s− t + 1)
(
ξ
a(s−2)bm, b(t−2)
2 m +
2
(s− t+ 2)
ξ
a(s−2)bb,m b(t−3)
2 m
)
, (1.9)
ξ
a(s−1),m b(t−2)
1 m ≡ 2ξ
a(s−1)m, b(t−1)
2 m . (1.10)
Identities (1.6) and (1.7) imply that the trace of ξ
a(s−1),b(t)
1 with the symmetry of
t
s−3
and the trace of ξ
a(s),b(t−1)
2 with the symmetry of t−3
s
vanish. Both ξ
a(s−1),b(t)
1
and ξ
a(s),b(t−1)
2 have traces with the symmetry of t−1
s−2
and t−2
s−1
, (1.9) and (1.10)
imply that these traces are not independent, being proportional to each other.
In contrast to both symmetric and antisymmetric fields there are two gauge
parameters, whose Young diagrams can be obtained by cutting off one cell from the
9Some work with Young symmetrizers is needed to extract the formulae for particular mixed-
symmetry field from the results of [6]. For example, the last term on the r.h.s. of (1.5) supplements
the second one for the whole expression to have the symmetry of φa(s),b(t). In the general case,
necessity for Young symmetrizers greatly complicates the issue of extracting given mixed-symmetry
field out of [6].
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spin Young diagram t
s
in various ways, i.e., t
s−1
and t−1
s
. However, by
the construction the traces of ξ
a(s−1),b(t)
1 and ξ
a(s),b(t−1)
2 are not independent. This
peculiarity of algebraic conditions will get a simple explanation within the unfolded
approach. Similarly to p-form fields the gauge symmetry is reducible
δφa(s),b(t) = 0 provided
{
δξ
a(s−1),b(t)
1 = ∂
bχa(s−1),b(t−1) − 1
s−t
∂aχa(s−2)b,b(t−1),
δξ
a(s),b(t−1)
2 = ∂
aχa(s−1),b(t−1)
(1.11)
where the second order gauge parameter χa(s−1),b(t−1) is traceless with respect to
each pair of indices and has the symmetry of t−1
s−1
, i.e., χa(s−1),ab(t−2) ≡ 0.
A general mixed-symmetry field. In the general case of a spin-Y =
Y{s1, ..., sn} massless field, field φY is a Lorentz tensor with the symmetry of Y
and in addition to the Young symmetry constraints φa(s1),b(s2),...,d(sn) satisfies [5]
ηccηddφ
a(s1),...,b(si−4)ccdd,...,f(sn) ≡ 0, i ∈ [1, n], (1.12)
i.e., the second trace with respect to any four indices from the same group of sym-
metric indices must vanish. Gauge parameters at the r-th level of reducibility have
the symmetry of
sN − 1
pN
kN
s2 − 1
p2
k2
s1 − 1
p1
k1
:
i=N∑
i=1
ki =
i=N∑
i=1
pi − r, (1.13)
where it is convenient to combine the rows of equal length into blocks, i.e., Y =
Y{(s1, p1), ..., (sN , pN)}. Therefore, the first level gauge parameters are obtained by
cutting off one cell from the bottom-right of any block. Evidently, there are N gauge
parameters at the first level. The trace conditions on the first level gauge parameters
are more complicated than (1.12) (cf. (1.6)-(1.10)), see [6, 14] for more details, the
general statement is that the traces of gauge parameters are not independent. This
fact suggests that all gauge parameters can be incorporated into a single object as
they do within the unfolded approach.
2 Essential of the Unfolded approach
The unfolded approach [42, 43, 44] is a reformulation of field-theoretical systems as
dWA = FA(W ), (2.1)
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where WA is a set of differential forms over the space-time, which do not necessary
have the same degree, qA being the degree of W
A, d - exterior differential on the
space-time manifold and FA(W ) is a degree-(qA+1) function that is assumed to be
expandable in terms of wedge products only10, i.e.,
FA(W ) =
∞∑
n=1
∑
qB1+...+qBn=qA+1
fAB1...BnW
B1 ∧ ... ∧W Bn, (2.2)
where fAB1...Bn are constant coefficients satisfying f
A
B1...BiBj ...Bn
= (−)qBiqBj fAB1...BjBi...Bn.
FA(W ) is also assumed to satisfy an integrability condition, called generalized Ja-
cobi identity,
F B
~∂
∂W B
FA ≡ 0, (2.3)
which can be obtained by applying d to (2.1). Any solution of (2.3) is said to
define a Free Differential Algebra [45, 46, 47, 48]. In the field-theoretical sense (2.3)
corresponds to Bianchi identities.
By virtue of (2.3), equations (2.1) are invariant under gauge transformations
δWA = dξA + ξB
~∂
∂W B
FA, for qA > 0, (2.4)
δWA = ξB
′
~∂
∂W B′
FA, B′ : qB′ = 1, for qA = 0, (2.5)
where ξA is a degree-(qA−1) form with values in the same space asW
A. Due to the
fact that each WA of degree qA > 0 possesses its own gauge parameter ξ
A, nonzero
degree fields are gauge fields. Provided that FA(W ) is linear in a subset ωi ⊂ WA,
δωi = 0 itself can be treated as unfolded system with respect to ξi and, hence, the
gauge transformations that does not affect the field ωi, i.e., the second level gauge
transformations, are of the form
δξi = dχi − χj
~∂
∂ωj
F i, (2.6)
where χi is a degree-(qi − 2) form, and so on for deeper levels gauge symmetries.
Therefore, a degree-qi gauge field ω
i have exactly qi levels of gauge transformations.
Consequently, equations of motions, gauge symmetries, reducible gauge sym-
metries and Bianchi identities are the simple consequences of the single algebraic
identity (2.3). For example, if we are given some gauge transformations the equa-
tions and the Bianchi identities can be easily recovered. In addition, the use of
differential forms makes unfolded approach manifestly covariant.
The most simple example of an unfolded system is given by one-form connection
ΩIµ of some Lie algebra g with structure coefficients f
I
JK , satisfying
dΩI = −f IJKΩ
JΩK . (2.7)
10Further the wedge symbol ∧ will be systematically omitted.
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The generalized Jacobi identity reduces to the ordinary Jacobi identity on f IJK and
(2.7) is a zero Yang-Mills strength (flatness) condition on field ΩIµ. We take Ω
I
µ to
be a connection of the Poincare algebra, i.e., ΩI = {̟a,b, ha}, where ̟a,b ≡ ̟a,bµ
is a Lorentz spin-connection and ha ≡ haµ is a background vielbein. Any nontrivial
solution (haµ is a nonsingular matrix) of flatness equations
dha +̟a,bh
b = 0, (2.8)
d̟a,b +̟a,c̟
c,b = 0 (2.9)
provides us with the basis of a tangent space haµ and with Lorentz spin-connection
̟a,bµ , the latter is used to define a Lorentz covariant derivative of differential forms
with values in any representation of so(d− 1, 1), i.e., having some tangent indices,
DT ab... = dT ab... +̟a,cT
cb... +̟b,cT
ac... + ... . (2.10)
A simple solution of (2.8-2.9) is given by Cartesian coordinates haµ = δ
a
µ, ̟
a,b
µ = 0. It
is assumed further that haµ and̟
a,b
µ satisfy (2.8-2.9) but the advantage of the unfolded
approach is that no explicit solution is needed either to write down field-equations
or to construct actions, being most effective in (anti)-de Sitter [34, 37, 38, 39, 40].
The set of forms WA consists of a background connection ΩI and dynamical
fields ωi, i.e., WA = {{̟a,b, ha}, ωi}. As free fields only are considered, haµ and ̟
a,b
µ
are assumed to be of order zero and ωi are of the first order, with the equations on
ωi being linear in ωi. The dynamical fields ωi are certain forms with values in finite-
dimensional irreducible representations of so(d − 1, 1), i.e., just irreducible Lorentz
tensors. The most general linear unfolded equations on ωi are of the form
Dωi = −
∑
j
σij(h, ..., h, ωj), (2.11)
where the part of the Poincare connection associated with the Lorentz-spin connec-
tion ̟a,b is combined with d into the Lorentz covariant derivative D, which acts
diagonally on ωi; σij are certain operators, which can be polynomial in ha and sat-
isfy (2.3) since (2.8-2.9) are equivalent to Dha = 0 and D2 = 0. No wonder that
polynomial in vielbein haµ can appear since field equations contain gµνg
λρφλρ-like
terms, which are polynomial in background metric gµν . Free Differential Algebras
are closely connected with Lie algebras, in fact, coefficients of σij correspond either
to modules or to Chevalley-Eilenberg cocyles of the Poincare algebra [56].
It turns out [55] that the unfolded equations for massless mixed-symmetry fields
in Minkowski space are simpler than (2.11) and have the form
Dωg = −σg−(h, ..., h, ω
g+1), g = 0, 1, ..., (2.12)
where (2.3) reduces to σg−(h, ..., h, σ
g+1
− (h, ...h, ω
g+2)) ≡ 0 and the subscript − is due
to the fact that all fields can be graded by non-negative integer g and σ− is of grade
(−1). Dynamical field ωg is a degree-qg form that takes values in irreducible rep-
resentation Yg of so(d − 1, 1), i.e., the tangent tensor has the symmetry of Young
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diagramYg and is completely traceless. The rank of tensorYg is a strictly increasing
function of g. The operator σg− is uniquely determined by Yg and Yg+1, it contracts
each extra index of Yg+1 as compared to Yg with h
a and imposes, if needed, appro-
priate Young symmetrizer11. Therefore, qg is also completely determined by its value
q0 at g = 0, (qg − qg+1 +1) being equal to the number of vielbeins to be contracted.
Young diagrams Yg are determined by the spin Y of the metric-like field φY(x).
If we denote σg−(h, .., h, ω
g+1) simply as σ−(ω
g+1), (2.3) is just a nilpotency of σ−,
σ2− = 0. Technically, the nilpotency of σ− is due to the fact that when applied twice
to any field, say12 ω
Yg
qg , it contracts two vielbeins with the same group of symmetric
indices, which is identically zero because of hahb = −hbha.
It is convenient to define the space of gauge fields Wq0 = {ω
Y0
q0
, ωY1q1 , ...}, the
space of the first level gauge parameters Wq0−1 = {ξ
Y0
q0−1
, ξY1q1−1, ...}, which contains
a finite number of parameters due to the fact that qg = 0 for sufficiently large g.
Analogously, we can introduce the spaces Wq0−k of deeper levels gauge parameters
and the space of field strengths Wq0+1 = {R
Y0
q0+1
, RY1q1+1, ...}, the spaces of Bianchi
identities Wq0+k = {B
Y0
q0+k
, BY1q1+k, ...}, k > 1. With these definitions the unfolded
equations and gauge transformations can be rewritten simply as
Dωp = 0, ωp ∈ Wp,
δωp = Dξp−1, ξp−1 ∈ Wp−1,
δξp−1 = Dξp−2, ξp−2 ∈ Wp−2,
...., ....,
δξ1 = Dξ0, ξ0 ∈ W0, (2.13)
where D = D + σ− is a nilpotent operator D
2 = 0. The nilpotency of D is a
simple consequence of (i) nilpotency of D, (D)2 = 0 (2.9); (ii) zero-torsion Dha = 0
(2.8); (iii) (σ−)
2 = 0. Field strength Rp+1 = Dωp satisfies Bianchi identity Bp+2 =
DRp+1 ≡ 0.
Inasmuch as unfolded equations Dωp = 0 can be treated [57] as a sort of cocycle
condition dω = 0, by virtue of the Poincare lemma it follows that all fields except
for zero-degree forms are pure gauge and, hence, in order for unfolded equations to
describe a field-theoretical system with propagating degrees of freedom, zero-forms
have to be included.
A spin-two field [58, 42, 43, 37, 53]. To make the above statements more
clear let us consider the example of a free massless spin-two field, i.e., the linearized
gravitation. The field ωY0q0 is a well-known dynamical vielbein e
a
1 ≡ e
a
µdx
µ, the
auxiliary field ωY1q1 is a dynamical Lorentz spin-connection ω
ab
1 ≡ ω
ab
µ dx
µ = −ωbaµ dx
µ,
the first unfolded equation
Dea1 + hcω
ac
1 = 0 (2.14)
11For instance, let ω0 and ω1 be irreducible Lorentz tensors with the symmetry of and ,
respectively, i.e., ω0 ≡ ωa,b = −ωb,a and ω1 ≡ ωab,c = ωba,c : ω(ab,c) ≡ 0. Then, Dω0 = σ−(ω
1)
with σ−(ω
1) = hcω
ac,b + 12hcω
ab,c, where the second term(Young symmetrizer) is added in order
for the whole expression to have the symmetry of ω0.
12A degree-q form with values in irreducible representation Y of so(d − 1, 1), i.e., the tangent
tensor has the symmetry of Y and is traceless, is denoted as ωYq .
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is invariant under gauge transformations
δea1 = Dξ
a
0 + hcξ
ac
0 , δω
ab
1 = Dξ
ab
0 , (2.15)
where ξa0 ≡ ξ
a and ξab0 ≡ ξ
ab are the gauge parameters associated with ea1 and ω
ab
1 ,
respectively. We have to find FA(W ) in the sector of ωab1 such that (i) linearized Ein-
stein equations are imposed; (ii) Bianchi identities hcDω
ac
1 ≡ 0 are satisfied. Dω
ab
1
(in components 1
2
(Dµω
ab
ν −Dνω
ab
µ )) is equal to the linearized Riemann tensor R
ab
µν ,
where it is useful to introduce its tangent version Rab,cd = Rabµνh
µchνd. Linearized
Einstein equations Rµν −
1
2
gµνRλρg
λρ = 0 reduce to Rac,bdηcd = 0, i.e., the trace of
the Riemann tensor is zero but the traceless part of Rab,cd, called Weyl tensor Cab,cd,
need not vanish. If we impose Dωab1 = 0, then, in addition to the linearized Einstein
equations the Weyl tensor is also required to vanish, making the system dynamical
empty. A Weyl tensor has the symmetry of , i.e., it is antisymmetric in pairs ab,
cd and C [ab,c]d ≡ 0. Therefore, the correct unfolded equations have the form
Dωab1 = −hchdC
ab,cd
0 , (2.16)
where a zero-form Cab,cd0 can be recognized as a Weyl tensor, which is the only com-
ponent of Rab,cd that can be nontrivial on-mass-shell. Bianchi identities hbDω
ab
1 =
hbhchdC
ab,cd ≡ 0 are satisfied due to the Young symmetry of a Weyl tensor and the
fact that vielbeins ha anti-commute. Again, DCab,cd = 0 can not be imposed as it
constraints the Weyl tensor to be a constant, and so on. The full unfolded system
has the form [43]
Dea1 + hcω
ac
1 = 0, δe
a
1 = Dξ
a
0 + hcξ
ac
0 ,
Dωab1 + hchdC
ab,cd
0 = 0, δω
ab
1 = Dξ
ab
0 , (2.17)
DC
aa,bb,c(k)
0 + hdC
aa,bb,c(k)d
0 = 0, δC
aa,bb,c(k)
0 = 0, k = 0, 1, ...,
where a set of zero-forms C
aa,bb,c(k)
0 that are irreducible Lorentz tensors with the
symmetry13 of
k
is to be introduced.
The identification with the metric-like approach is as follows. The field ea|b =
eaµh
µb is to be decomposed as ea|b = 1
2
φ(ab) + 1
2
ψ[ab], where ψ[ab] and φ(ab) are an
antisymmetric and a traceful symmetric fields, respectively. In terms of φab and ψab
gauge transformations (2.15) read δφab = ∂aξb+∂bξa, δψab = ∂aξb−∂bξa+2ξab. By
virtue of a pure algebraic gauge symmetry with ξab field ψab can be gauged away.
Therefore, the dynamical field is φab, which can be recognized as the Fronsdal field
(1.1).
Since field equations are of the second order, (2.12) at g = 0 expresses the
first auxiliary field in terms of the first derivatives of dynamical Labastida field
φY ∈ ω
Y0
q0
, (2.12) at g = 1 imposes dynamical equations on φY and expresses the
second auxiliary field in terms of the second derivatives of φY, higher equations
(g > 1) impose no nontrivial constraints on φY. Further, we concentrate on the first
two unfolded equations only, since it is sufficient for constructing Lagrangians.
13Caa,bb,c(k) is antisymmetric in pairs aa, bb, symmetric in c1...ck, traceless with respect to each
pair of indices and satisfies C [aa,a]b,c(k) ≡ 0, Caa,[bb,b]c(k−1) ≡ 0.
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A spin-s field [58, 42, 43, 37, 53]. The above can be generalized to a totally-
symmetric spin-s field. In accordance with the general construction of [55], Y0 =
s−1 , Y1 =
s−1
, Y2 =
s−1
and q0 = q1 = q2 = 1. Therefore, the dynamical
field φa(s) is incorporated into a frame-like one-form e
a(s−1)
1 ≡ e
a(s−1)
µ dxµ, the first
auxiliary field is ω
a(s−1),b
1 and the first two unfolded equations together with the
gauge transformations have the form
De
a(s−1)
1 + hcω
a(s−1),c
1 = 0, δe
a(s−1)
1 = Dξ
a(s−1)
0 + hcξ
a(s−1),c
0 ,
Dω
a(s−1),b
1 + hcω
a(s−1),bc
1 = 0, δω
a(s−1),b
1 = Dξ
a(s−1),b
0 + hcξ
a(s−1),bc
0 . (2.18)
Similarly to the spin-two case ea(s−1)|b = e
a(s−1)
µ hµb decomposes into two fields
ea(s−1)|b = 1
s
φa(s−1)b+ 1
s
ψa(s−1),b with the symmetry of s and
s−1
, respectively.
Note that ea(s−1)|b is traceless with respect to a1, ..., as−1 and, hence, the second
trace of φa(s) vanishes. In terms of φ and ψ the gauge transformations have the form
δφa(s) = ∂aξa(s−1) and δψa(s−1),b = (s − 1)∂bξa(s−1) − ∂aξa(s−2)b + sξa(s−1),b. There-
fore, the traceless part of ψa(s−1),b can be gauged away14 by virtue of ξa(s−1),b. With
world indices converted to the tangent ones according to ωa(s−1),b|c ≡ ω
a(s−1),b
µ hcµ,
ωa(s−1),bb|c ≡ ω
a(s−1),bb
µ hcµ, the first two unfolded equations (2.18) are rewritten as
∂cea(s−1)|d − ∂dea(s−1)|c = ωa(s−1),c|d − ωa(s−1),d|c, (2.19)
∂cωa(s−1),b|d − ∂dωa(s−1),b|c = ωa(s−1),bc|d − ωa(s−1),bd|c. (2.20)
Symmetrizing c with a1...as−1 in (2.19), (2.20) and, then, contracting (2.20) with
ηbd results in
ωa(s−1),d|a = ∂dea(s−1)|a − ∂aea(s−1)|d, (2.21)
ω
a(s−1),m|
m
= ∂me
a(s−2)m|a − ∂ae
a(s−2)m|
m
, (2.22)
∂mω
a(s−1),m|a − ∂aω
a(s−1),m|
m
= 0, (2.23)
where (2.22) is a contraction of (2.21) with ηdas . Note that ω
a(s−1),bc
1 does note
contribute to the dynamical equations of motion since it is auxiliary. Substituting
(2.21), (2.22) into (2.23) and, then, making use of φa(s) = ea(s−1)|a and φ
m a(s−2)
m =
2e
a(s−2)m|
m
gives the Fronsdal equations (1.1) for φa(s).
A spin-Y{s, t} field. According to the general recipe of [55] Y0 = t−1
s−1
,
Y1 =
t−1
s−1
, Y2 =
t−1
s−1
and q0 = q1 = q2 = 2. The Labastida field φ
a(s),b(t) is
to be incorporated into the frame-like field e
a(s−1),b(t−1)
2 and an analog of Lorentz
spin-connection is given by ω
a(s−1),b(t−1),c
2 . The first two unfolded equations
R
a(s−1),b(t−1)
3 ≡ De
a(s−1),b(t−1)
2 + hdω
a(s−1),b(t−1),d
2 = 0, (2.24)
R
a(s−1),b(t−1),c
3 ≡ Dω
a(s−1),b(t−1),c
2 + hdω
a(s−1),b(t−1),cd
2 = 0, (2.25)
14Note that the trace of the Fronsdal field φa(s) is also contained in ψa(s−1),b, namely,
2φ
a(s−2)m
m
= (s−2)ψ
a(s−2)m,
m
. Nevertheless, the dynamical components of e
a(s−1)
1
are equivalent
to the Fronsdal field φa(s).
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are obviously invariant under the first level gauge transformations
δea(s−1),b(t−1) = Dξ
a(s−1),b(t−1)
1 + hdξ
a(s−1),b(t−1),d
1 , (2.26)
δωa(s−1),b(t−1),c = Dξ
a(s−1),b(t−1),c
1 + hdξ
a(s−1),b(t−1),cd
1 , (2.27)
δωa(s−1),b(t−1),cc = Dξ
a(s−1),b(t−1),cc
1 + hdξ
a(s−1),b(t−1),ccd
1 , (2.28)
where the last term in (2.28) is related to higher-grade fields and is not needed in
what follows, the only point being that it has σ−(...) form.
In its turn the gauge fields are invariant under the second level gauge transfor-
mations
δξ
a(s−1),b(t−1)
1 = Dχ
a(s−1),b(t−1)
0 + hdχ
a(s−1),b(t−1),d
0 , (2.29)
δξ
a(s−1),b(t−1),c
1 = Dχ
a(s−1),b(t−1),c
0 + hdχ
a(s−1),b(t−1),cd
0 , (2.30)
δξ
a(s−1),b(t−1),cc
1 = Dχ
a(s−1),b(t−1),cc
0 + hdχ
a(s−1),b(t−1),ccd
0 . (2.31)
Let us draw the reader’s attention to the conformity of equations with gauge trans-
formations. Note that gauge fields/parameters take values in irreducible representa-
tions of the Lorentz algebra, i.e., the tangent tensors have definite Young symmetry
and are completely traceless. ea(s−1),b(t−1)|cd = e
a(s−1),b(t−1)
µν hµchνd can easily be de-
composed into irreducible tensors of so(d− 1, 1) as
t−1
s−1
⊗ =
[
t
s
⊕ t−1
s−1
⊕ t−2
s
⊕ t
s−2
⊕ t−2
s−2
]
⊕
⊕
[
t−1
s
⊕
t
s−1
⊕
t−1
s−1
⊕
t−1
s−2
⊕
t−2
s−1
⊕ t−1
s−1
]
, (2.32)
where all Young diagrams correspond to traceless tensors. The irreducible tensors
in the first brackets of (2.32) are the components of the Labastida field φa(s),b(t) =
ea(s−1),b(t−1)|ab. Indeed, by virtue of the second level gauge parameter χ
a(s−1),b(t−1),cd
0
with the symmetry of
t−1
s−1
the respective component of the first order gauge
parameter ξa(s−1),b(t−1),c|d = ξ
a(s−1),b(t−1),c
µ hµd can be gauged away, with the rest of
irreducible components of ξa(s−1),b(t−1),c|d exactly matching the terms in the second
brackets of (2.32). Therefore, it is φa(s),b(t) = ea(s−1),b(t−1)|ab that can not be gauged
away by an algebraic gauge symmetry, thus being a dynamical field. Note that there
are two irreducible components with the symmetry of t−1
s−1
, with one belonging
to φa(s),b(t) and the other one being pure gauge.
The Labastida double-tracelessness (1.3) is a consequence of the irreducibility of
tangent tensors and of the lack of any trace conditions with respect to world and
tangent indices. The Labastida gauge parameters ξ
a(s−1),b(t)
1 and ξ
a(s),b(t−1)
2 can be
identified as
ξ
a(s−1),b(t)
1 = ξ
a(s−1),b(t−1)|b + 1
s−t
ξa(s−2)b,b(t−1)|a, (2.33)
ξ
a(s),b(t−1)
2 = ξ
a(s−1),b(t−1)|a, (2.34)
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then, nontrivial trace constraints (1.6-1.10) are the consequence of this definition.
To obtain, if needed at all, the Labastida equations (1.4) from the unfolded ones
(2.24-2.25) is a simple ’symmetrizing and taking traces’ problem.
From unfolded to metric-like for a spin-Y{s, t} field. We work in Cartesian
coordinates, i.e., haµ = δ
a
µ, ̟
a,b
µ = 0 and, hence, there is no distinction between world
and tangent indices. With world indices converted to the tangent ones, the first two
unfolded equations (2.24)-(2.25) read
∂[cea(s−1),b(t−1)|cc] = −ωa(s−1),b(t−1),[c|cc], (2.35)
∂[cωa(s−1),b(t−1),d|cc] = −ωa(s−1),b(t−1),d[c|cc], (2.36)
Symmetrizing c1, c2 with a1...as−1 and b1...bt−1 in (2.35-2.36), and taking trace with
respect to d and c in (2.36) results in
∂aea(s−1),b(t−1)|bc + ∂bea(s−1),b(t−1)|ca + ∂cea(s−1),b(t−1)|ab = −ωa(s−1),b(t−1),c|ab, (2.37)
∂aω
a(s−1),b(t−1),m|b
m
+ ∂bω
a(s−1),b(t−1),m| a
m
+ ∂mω
a(s−1),b(t−1),m|ab = 0. (2.38)
Note that field ω
a(s−1),b(t−1),cc
2 is auxiliary and does not contribute to the dynamical
equations, being excluded by the projector onto the Labastida equations. The third
term in (2.38) can be directly expressed from (2.37); to express the first two terms
of (2.38) we take the traces in (2.37) with respect to as, c and bt, c
∂ae
a(s−2)m,b(t−1)|b
m
+ ∂be
a(s−2)m,b(t−1)| a
m
+ ∂me
a(s−2)m,b(t−1)|ab = −ω
a(s−1),b(t−1),m| b
m
,
(2.39)
∂ae
a(s−1),b(t−2)m|b
m
+ ∂be
a(s−1),b(t−2)m| a
m
+ ∂me
a(s−1),b(t−2)m|ab = −ω
a(s−1),b(t−1),m|a
m
.
(2.40)
The Labastida field φa(s),b(t) is to be identified as φa(s),b(t) = ea(s−1),b(t−1)|ab, its
various traces are given by
φ
a(s−2)m ,b(t)
m
= 2e
a(s−2)m,b(t−1)| b
m
, φ
a(s),b(t−2)m
m
= 2e
a(s−1),b(t−2)m|a
m
,
φ
a(s−1)m, b(t−1)
m
= e
a(s−2)m,b(t−1)|a
m
+ e
a(s−1),b(t−2)m| b
m
. (2.41)
Substituting (2.39), (2.40), (2.37) into (2.38) and, then, using (2.41) results in the
Labastida equations (1.4).
For the further comparison with the Lagrangian equations let us note that the
dynamical equations have been obtained by making use of Ra(s−1),b(t−1)|abc and
R
a(s−1),b(t−1),m|ab
m
components of field strengths (2.24) and (2.24), instead of the
whole field strengths. The auxiliary field ω
a(s−1),b(t−1),cc
2 does not contribute to
R
a(s−1),b(t−1),m|ab
m
by the construction.
It is significant that the above computations can be directly generalized to an
arbitrary-spin mixed-symmetry field, resulting in the Labastida equations [6].
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A spin-Y field. The main statement of [55] is that a spin-Y15 massless field can
be uniquely described within the unfolded approach. Y0 is obtained by cutting off the
first column of Y, i.e., Y0 = Y{(s1 − 1, p1), ..., (sN − 1, pN)} = Y{h2, h3, ..., hs1},
Y1 = Y{h1 + 1, h3, ..., hs1}, Y2 = Y{h1 + 1, h2 + 1, h4, ..., hs1}. q0 = p = h1, q1 =
h2, q2 = h3. For instance, when sN > 2
Y0 =
sN−1
pN
s2−1
p2
s1−1
p1
Y1 =
sN−1
pN
s2−1
p2
s1−1
p1
Y2 =
sN−1
pN
s2−1
p2
s1−1
p1
(2.42)
The sketch of the proof
1. In order for gauge transformations to have p levels, the Labastida field φY has
to be incorporated into certain degree-p form eY0p . The gauge parameter at
the p-th level is a degree-zero form ξY00 and, hence, Y0 has the symmetry of
the single gauge parameter at the level-p (cf. (1.13)). Converting all world
form indices to the tangent ones
ea1(s1−1),...,ap(sp−1)|[d1...dp] = ea1(s1−1),...,ap(sp−1)µ1...µp h
µ1d1 ...hµpdp, (2.43)
the field φY(x) is to be identified with e
a1(s1−1),...,ap(sp−1)|a1...ap. The Labastida
double-tracelessness condition is a simple consequence of the tracelessness of
the tangent tensor. All level-k gauge parameters are contained in a single
object ξY0p−k, explaining the fact that the traces of gauge parameters are not
independent within the metric-like approach.
2. The gauge symmetry was made manifest by the price of introducing redundant
components that are given by various components of ea1(s1−1),...,ap(sp−1)|[d1...dp]
that do not belong to φY(x), gauge parameters may also have redundant
components. In order to make redundant fields non-dynamical, an algebraic
(Stueckelberg) symmetry is introduced. Fortunately, all redundant components
can be compensated by an algebraic gauge symmetry with a single ξY1q1−1
δeY0p = Dξ
Y0
p−1 + σ−(ξ
Y1
q1−1
), (2.44)
analogously for gauge parameters at the level-k
δξY0p−k = Dξ
Y0
p−k−1 + σ−(ξ
Y1
q1−k−1
). (2.45)
3. Since gauge parameter ξY1q1−1 is associated with the gauge field ω
Y1
q1
, the first
unfolded equation is
DeY0p + σ−(ω
Y1
q1
) = 0. (2.46)
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Y = Y{(s1, p1), ..., (sN , pN)} is taken in block’s notation or Y = {h1, h2, ...hs1}, hi being the
height of the i-th column. Let p = p1 + ... + pN be the height of Y. It is obvious that h1 = p,
h2 = p if sN > 1 and h2 = p− pN , otherwise.
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4. The Bianchi identities σ−(Dω
Y1
q1
) ≡ 0 can be solved [55] as
DωY1q1 + σ−(ω
Y2
q2
) = 0. (2.47)
5. Equation (2.47) implies new Bianchi identities and so on, resulting in the full
unfolded system [55].
6. Despite the unambiguity of unfolding, the facts that (i) correct second order
equations are indeed imposed on the dynamical field φY ∈ e
Y0
p ; (ii) the rest of
the unfolded equations imposes no additional differential constraints on φY;
(iii) there are no other dynamical fields in the system; (iv) equations imposed
indeed describe the correct number of physical degrees of freedom16; have to be
checked. The σ− cohomology technique [34, 59] turned out to be very effective,
solving all four problems at once [55].
3 Local Actions
To begin with, let us note that the Maxwell action for a spin-one massless field
S = −1
4
∫
ddxFµνF
µν , where Fµν = ∂µAν − ∂νAµ and Aµ is a potential, can be
rewritten in the first order form
S =
∫
ddx (∂µAν − ∂νAµ + Cµν)C
µν , (3.1)
where Cµν is a rank-two antisymmetric auxiliary field. The equations for Cµν are
algebraic with respect to Cµν and can be easily solved as Cµν = −
1
2
Fµν . The key
moment is that (3.1) admits a reformulation in terms of differential forms, i.e.,
frame-like fields to be embedded into unfolded systems
S =
∫ (
dA1 +
1
2
hbhcC
bc
)
Caaǫaav(d−2)h
v...hv, (3.2)
where A1 ≡ Aµ is a Maxwell gauge potential one-form and C
ab = −Cba is a degree-
zero form, which is antisymmetric in tangent indices and is a tangent version of Cµν .
ǫa1...ad is a totally antisymmetric tensor, the Levi-Civita symbol. Use is made of
ǫa1...adΞ
a1...ak
k h
ak+1 ...had︸ ︷︷ ︸
degree−d volume form
=
[
Cartesian
coordinates
]
= Ξa1...akµ1...µkδ
µ[k]
a[k] , (3.3)
where Ξa1...akk is a k-from with k antisymmetric tangent indices and δ
µ[k]
a[k] = δ
[µ1
a1 ...δ
µk ]
ak .
A frame-like action for a totally-symmetric spin-(s > 1) field was constructed in [30]
S =
∫
(deua(s−2) +
1
2
hc ω
ua(s−2),c)ωa(s−2)
u, u ǫuuuv(d−3) h
v...hv, (3.4)
16This problem was not solved by Labastida in general, but was solved in [14]. As it has been
already noted the spin-Y{s, t} example can be easily extended to the general case in order to
derive the Labastida equations from the unfolded ones for arbitrary-spin field. This provides us
with another consistency check of the Labastida work.
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which operates with the first two fields, the dynamical one and the first auxiliary
one, of unfolded system (2.18) and correctly reproduces the dynamical equations.
Action (3.4) is equivalent to the Fronsdal one after solving the algebraic equations
for auxiliary field ω
a(s−1),b
µ and expressing the terms with e
a(s−1)
µ via φµ1...µs.
It is the action (3.4) that will be generalized to the action for an arbitrary mixed-
symmetry field. Very instructive was the observation of [35, 36], made on the basis
of the simplest mixed-symmetry fields, that the indices of fields can be formally split
into world and tangent ones.
Since dynamical equations are of the second order, it is sufficient to make use of
gauge fields/field strengths at grade zero and one17
R0p+1 = De
Y0
p + σ−(ω
Y1
q ), R
0
p+1 ∈ W
g=0
p+1, e
Y0
p ∈ W
g=0
p (3.5)
R1q+1 = Dω
Y1
q + σ−(ω
Y2
r ), R
1
q+1 ∈ W
g=1
p+1, ω
Y1
q ∈ W
g=1
p , ω
Y2
r ∈ W
g=2
p . (3.6)
To construct an action, a degree-d volume form that is bilinear in fields has to be
found. It is convenient to introduce for any k = 0...d a degree-(d − k) form with k
antisymmetric indices Eu[k] ≡ ǫu[k]b1...bd−kh
b1 ...hbd−k , built with background vielbeins,
which satisfies18
hcEu1...uk =
1
d− k + 1
i=k∑
i=1
(−)i+kδcuiEu1...uˆi...uk . (3.7)
For a degree-(p′+1) form ΦY0
p′+1
with tangent indices a(s1−1), b(s2−1), ..., c(sr−
1), d, ..., e and a degree-q′ form ΨY1
q′
with tangent indices a(s1−1), b(s2−1), ..., c(sr−
1), d, e, .., f provided that p+ q = p′ + q′ let us define a scalar product
〈ΦY0
p′+1
|ΨY1
q′
〉 =
∫
Φp′+1
ua(s1−2),...,uc(sr−2),
q−r︷︸︸︷
u,...,uΨq′
u ,...,u ,
p+1−r︷ ︸︸ ︷
u,u,...,u
a(s1−2) c(sr−2)
Eu[p+q+1].
(3.8)
The first index from each of the groups is contracted with Eu...u. Since Y0 and Y1
coincides modulo first column, the rest of tangent indices of ΦY0
p′+1
are contracted
with the corresponding tangent indices of ΨY1
q′
.
Taking into account that the sum of the heights of the first columns of Y0 and
Y1 is equal to the total degree (p+ q+1) of Φp′+1Ψq′ and the tangent tensors have
definite Young symmetry and are completely traceless, it is easy to see that the
scalar product possesses two important properties
〈σ−(Θ
Y1
q )|Ψ
Y1
q 〉 = 〈σ−(Ψ
Y1
q )|Θ
Y1
q 〉, for any Θ
Y1
q ,Ψ
Y1
q ∈ W
g=1
p , (3.9)
〈ΦY0
p′
|σ−(Υ
Y2
r′
)〉 = 0, for any
ΦY0
p′
∈ Wg=0
p′
,
ΥY2
r′
∈ Wg=2
2p−p′
,
p′ + r′ = p+ r. (3.10)
17Recall that for a spin-Y field, where Y = Y{(s1, p1), ..., (sN , pN)} = Y{h1, h2..., hs1}, p =
p1 + p2 + ... + pN is the height of the first column of Y; We abbreviate q1 and q2 as q and r,
q0 being equal to p by definition. Note that q = p = h2 unless sN = 1 and q = p − pN = h2
otherwise. Then, Y = Y{p, q, r, h4, ..., hs1} Y0 = Y{q, r, h4, ..., hs1}, Y1 = Y{p+ 1, r, h4, ..., hs1},
Y2 = Y{p+ 1, q + 1, h4, ..., hs1}.
18(3.7) can be derived from the identity ǫ[u1...ukb2...bd−k+1δ
c
b1]
hb1hb2 ...hbd−k ≡ 0.
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The proof of (3.9). Let ΘY1q and Ψ
Y1
q be elements of W
g=1
p . Assume that q = p.
Applying (3.7) one obtains
hmΘq
ua(s1−2),...,uc(sr−2),
q−r︷︸︸︷
u,...,u,mΨq
u ,...,u ,
p+1−r︷︸︸︷
u,...,u
a(s1−2) c(sr−2)
Eu[p+1+q] ∼
∼
i=p+1∑
i=1
(−)iΘq
ua(s1−2),...,ub(si−2),...,uc(sr−2),
p−r︷︸︸︷
u,...,u,mΨq
u ,..., ,...,u ,
p+1−r︷︸︸︷
u,...,u
a(s1−2) mb(si−2) c(sr−2)
Eu[2q] ∼
∼
i=p+1∑
i=1
(−)iΘq
ua(s1−2),...,b(si−1),...,uc(sr−2),
p+1−r︷︸︸︷
u,...,uΨq
u ,..., ,...,u ,
p+1−r︷︸︸︷
u,...,u
a(s1−2) b(si−1) c(sr−2)
Eu[2q],
where the last expression is obviously symmetric with respect to ΘY1q and Ψ
Y1
q , and
use is made of the following simple consequence of the Young symmetry properties
Ca(k1),...,b(ki−1)u,...,bc(kj−1),... = −Ca(k1),...,b(ki),...,uc(kj−1),... (3.11)
For the case p > q, σ−(Θ
Y1
q ) involves (p+ 1− q) vielbeins
hm1 ...hmp+1−qΘq
ua(s1−2),...,uc(sr−2),
q−r︷︸︸︷
u,...,u,m1,...,mp+1−q . (3.12)
by applying (3.7) m1, ..., mp+1−q turn out to be contracted with certain u, ..., u from
the i1,...,ip+1−q groups of Ψp
Y1 , the sum over different rearrangements is implied. If
ik is in the range 1, ..., r then mik appears to be symmetrized with sik − 2 indices
of the ik group and, hence, by virtue of (3.11) mik can be exchanged with uik , the
resulting expression being symmetric in Θ and Ψ. If ik is in the range r+1, ..., p+1
mik can be replaced with uik directly since Θ is explicitly antisymmetric in the
indices from the groups r + 1, ..., p+ 1 (each group consists only of one index), and
hence these terms can also be cast into the form that is explicitly symmetric with
respect to Θ and Ψ. 
The proof of (3.10). Let ΦY0
p′
and ΥY2
r′
be elements ofWg=0
p′
andWg=2
2p−p′
, p+r =
p′ + r′. Assume that q = r. Applying (3.7) one obtains
Φp′
ua(s1−2),...,uc(sr−2)hmΥr′
u ,...,u ,um,
p−q︷︸︸︷
u,...,u
a(s1−2) c(sr−2)
Eu[p+q+1] ∼
∼
i=r∑
i=1
(−)iΦp′
ua(s1−2),...,mb(si−2),...,uc(sr−2)Υr′
u ,...,u ,...,u ,u ,
p−q︷︸︸︷
u,...,u
a(s1−2) b(si−2) c(sr−2), m
Eu[p+q] ∼
∼
i=r∑
i=1
(−)iΦp′
ua(s1−2),...,b(si−1),...,uc(sr−2)Υr′
u ,..., ,...,u ,uu,
p−q︷︸︸︷
u,...,u
a(s1−2) b(si−1) c(sr−2)
Eu[p+q] = 0
to obtain the last expression, which is identically zero since two antisymmetrized
indices u appear in the same group of symmetric indices, use was made of (3.11).
The extension on q > r is similar to the proof of (3.9): among hm1 ...hmq−r+1 of
σ−(Υ
Y2
r′
)←→ hm1 ...hmq−r+1Υr′
ua(s1−2),...,uc(sr−2),
q+1−r︷ ︸︸ ︷
um,...,um,
p−q︷︸︸︷
u,...,u (3.13)
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at least one of m will be contracted with some of the first r groups of indices of Φ
and hence by virtue of (3.11) it can be exchanged with u, resulting in zero. 
In order to derive the most general form of the action we use the three crucial
observations: (a) (3.8) is the only way to build a degree-d volume form of the
elements of Wg=0p+1 and W
g=1
p ; (b) there are two relevant elements of W
g=0
p+1, i.e.,
DeY0p and σ−(ω
Y1
q ); (c) there is only one relevant element of W
g=1
p , i.e., ω
Y1
q ; the
most general action is proved to be of the form
S = 〈DeY0p + (1 + α)σ−(ω
Y1
q )|ω
Y1
q 〉, (3.14)
with α being a free coefficient.
Lagrangian equations are to be of the form
δS
δωY1q
= π1[R
0
p+1] = 0, (3.15)
δS
δeY0p
= π0[R
1
q+1] = π0[Dω
Y1
q ] = 0, (3.16)
where π1 is a projector into ω
Y1
q and π0 is a projector into e
Y0
p , i.e., π0 and π1 are
the projectors induced by the contraction of R1q+1 and R
0
p+1 with e
Y0
p and ω
Y1
q ,
respectively. Since (i) all dynamical fields are contained in eY0p , i.e., ω
Y1
q is an
auxiliary field; (ii) R0p+1 = 0 does not impose any dynamical equations on e
Y0
p [55],
expressing ωY1q in terms of the first derivatives of e
Y0
p modulo σ− closed terms; it
follows that π1 is trivial in the sense that it allows one to express non-exact part of
ωY1q via the first derivatives of e
Y0
p . Since R
1
q+1 has two indices more than e
Y0
p , π0
contracts two indices, one form and one tangent, and imposes, if needed, the Young
symmetry conditions, which are trivial in symmetric basis. By virtue of (3.10) π0
sends σ−(ω
Y2
r ) to zero in accordance with the fact that ω
Y2
r does not contribute to
the dynamical equations, i.e. the term 〈eY0p |σ−(ω
Y2
r )〉 can in principle be added to
the action but it is identically zero.
The action is to be invariant under the standard gauge transformations (2.13)
δeY0p = Dξ
Y0
p−1 + σ−(ξ
Y1
q−1), ξ
Y0
p−1 ∈ W
g=0
p−1, ξ
Y1
q−1 ∈ W
g=1
q−1, (3.17)
δωY1q = Dξ
Y1
q−1 + σ−(ξ
Y2
r−1), ξ
Y2
r−1 ∈ W
g=2
r−1. (3.18)
Despite the fact that ωY2r does not contribute to the dynamical equations, the action
reveals a symmetry with gauge parameter ξY2r−1.
To check this invariance it is useful to rewrite the action as S = 〈R0p+1|ω
Y1
q 〉 +
α〈σ−(ω
Y1
q )|ω
Y1
q 〉. The action turns out to be invariant under gauge transformations
both with ξY0p−1 and ξ
Y2
r−1 for any α. However in order to cancel the variation with
respect to ξY1q−1 the value of α = −
1
2
is required. Indeed,
δS = 〈R0p+1|δω
Y1
q 〉+ 2α〈σ−(ω
Y1
q )|δω
Y1
q 〉 = 〈R
0
p+1 + 2ασ−(ω
Y1
q )|δω
Y1
q 〉, (3.19)
where the symmetry property (3.9) and δR0p+1 ≡ 0 have been used. Then, substi-
tuting (3.18)
δS = 〈R0p+1 + 2ασ−(ω
Y1
q )|Dξ
Y1
q−1〉+ 〈R
0
p+1 + 2ασ−(ω
Y1
q )|σ−(ξ
Y2
r−1)〉, (3.20)
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the second term vanishes due to (3.10). By virtue of D2 = 0 (2.9) and Dha = 0
(2.8) the d-form in the second term of
δS = (1 + 2α)〈σ−(ω
Y1
q )|Dξ
Y1
q−1〉+ 〈De
Y0
p |Dξ
Y1
q−1〉 (3.21)
is exact and, hence, δS = 0 provided α = −1
2
. Consequently, the action becomes
S = 〈DeY0p +
1
2
σ−(ω
Y1
q )|ω
Y1
q 〉 (3.22)
Inasmuch as action (3.22) is gauge invariant, the Lagrangian equations can be writ-
ten in terms of field strengths (3.5) and (3.6). In Cartesian coordinates the variation
of the action reads
δS
δω
δω =Rµ[p+1]
ua(s1−2),...,uc(sr−2),
q−r︷︸︸︷
u,...,uδωµ[q]
u ,...,u ,
p+1−r︷︸︸︷
u,...,u
a(s1−2) c(sr−2)
δ
µ[p+q+1]
u[p+q+1] = 0⇒
⇒ Rua(s1−2),...,uc(sr−2),
q−r︷︸︸︷
u,...,u |v[p+1]δωva(s1−2),...,vc(sr−2), v,...,v︸︷︷︸
p+1−r
|u[q] = 0⇒
⇒ Ra1(s1−1),...,ar(sr−1),ar+1,...,aq|a1...ar...aq...ap+1 = 0 (3.23)
δS
δe
δe =Rµ[q+1]
ua(s1−2),...,uc(sr−2),
p+1−r︷︸︸︷
u,...,uδeµ[p]
u ,...,u ,
q−r︷︸︸︷
u,...,u
a(s1−2) c(sr−2)
δ
µ[p+q+1]
u[p+q+1] = 0⇒
⇒ R
ua(s1−2),...,uc(sr−2),
p−r︷︸︸︷
u,...,u,m|v[q]
m
δeva(s1−2),...,vc(sr−2),v,...,v︸︷︷︸
q−r
|u[p] = 0⇒
⇒ R
a1(s1−1),...,ar(sr−1),ar+1,...,aq,...,ap,m|a1...aq
m
= 0 (3.24)
which gives π1 and π0 with required properties. Indeed, after fixing the algebraic
gauge symmetry for eY0p the dynamical components of e
Y0
p are equivalent to the
Labastida field φY. Then, by definition of Y1 and σ−, the nonzero components of
DeY0p match σ−-nonclosed components of ω
Y1
q (actually all σ−-closed components of
ωY1q are σ−-exact and, hence, are pure gauge by virtue of ξ
Y2
r−1 [55]).
Note, that to derive the dynamical equations it is sufficient to set to zero the
components of the field strengths RY0p+1 and R
Y1
q+1 with the symmetry of Yd =
Y{h1 + 1, h2, ...hs1} ≡ Y{(s1, p1), ...(sN , pN), 1} and Y, respectively (see a spin-
Y{s, t} example). It is the projection onto Yd and Y that is made in (3.23) and
(3.24). Obviously, π1 allows one to express the components of ω
Y1
q with the symme-
try of Yd in terms of De
Y0
p from π1
[
RY0p+1
]
= 0. π0 is even more trivial and allows
one to project RY1q+1 onto components with the symmetry of Y.
For example, for a spin- field action (3.22) has the form
S =
∫ [
deu2 +
1
2
hbhcω
ubc
1
]
ωuuu1 ǫuuuuv(d−4)h
v...hv, (3.25)
and after passing to world indices coincides with [35]. For a spin- t
s
field action
(3.22) has the form
S =
∫ [
de2
ua(s−2),ub(t−2) +
1
2
hcω2
ua(s−2),ub(t−2),c
]
ω2
u ,u ,u
a(s−2) b(t−2) ǫu(5)v(d−5)h
v...hv
(3.26)
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with the Lagrangian equations
Rua(s−2),ub(t−2)|mmmδωma(s−2),mb(t−2),m|uu = 0 ⇒ R
a(s−1),b(t−1)|abc = 0, (3.27)
R
ua(s−2),ub(t−2),c| mm
c
δema(s−2),mb(t−2)|uu = 0 ⇒ R
a(s−1),b(t−1),c| ab
c
= 0. (3.28)
It is from these equations that the dynamical equations have been recovered in the
previous section.
To conclude, we note that despite the fact that the action (3.22) is not built of
field strengths and, hence, is not manifestly gauge invariant, equations of motion
(3.15-3.16) are written in terms of gauge invariant field strengths. Simplicity of the
frame-like action (3.22) is very encouraging and we hope it will be very helpful for
the further study of mixed-symmetry fields.
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A Young diagrams
When working with mixed-symmetry tensors an essential use is made of Young di-
agrams. A Young diagram is a picture consisting of n left-justified rows made of
boxes, with the i-th row containing si boxes, si being non-increasing function of i.
s1
s2
s3
s4
s5
s6
s7
h1h2h3h4h5h6 There is a number of ways to define a particular Young
diagram that are used in applications. A Young dia-
gram can be defined by directly enumerating the lengths
of rows Y{s1, s2, ..., sn}, e.g., Y{6, 6, 6, 4, 4, 1, 1}; by enu-
merating the heights of columns Y{h1, h2, ..., hs1}, e.g.,
Y{7, 5, 5, 5, 3, 3}; combining the rows of equal lengths into
blocks Y{(s1, p1), ..., (sN , pN}, pi being the number of rows of
the length si, e.g., Y{(6, 3), (4, 2), (1, 2)}.
Each Young diagram defines19 an irreducible under permutations of indices type
of a tensor. There are two main bases that are used for tensors, namely, sym-
metric and antisymmetric. A tensor T a(s1),b(s2),...,d(sn) is said to have the sym-
metry of Y{s1, s2, ..., sn}, being taken in symmetric basis, iff it is symmetric in
each group of indices a1...as1 , b1...bs2 ,..., separately, and the symmetrization of
all indices from any group with one index from the next group vanishes, i.e.,
19We do not go into details of this correspondence, for systematic presentation see [60].
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T a(s1),...,b(si),bc(si+1−1),...,d(sn) ≡ 0. In antisymmetric basis T a[h1],b[h2],...,d[hs1] is anti-
symmetric in each group of indices a1...ah1 , b1...bh2 , ..., separately, and the anti-
symmetrization of all indices from any group with one index from the next group
vanishes. To make tensors of the Lorentz algebra irreducible in addition to the Young
symmetry conditions a traceless condition has to be imposed, i.e., the contraction
of the so(d − 1, 1)-invariant metric ηab with any pair of indices must vanish. It is
also required h1+ h2 ≤ d since the Young symmetry together with the tracelessness
makes so(d− 1, 1)-tensors with h1 + h2 > d be identically zero. We do not consider
(anti)-self dual representations of so(d− 1, 1).
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